Revisiting the Vector and Axial-vector Vacuum Susceptibilities 
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We re-investigate the vector and axial- vector vacuum susceptibilities by taking advantage of the 
vector and axial- vector Ward-Takahashi identities. We show analytically that, in the chiral limit, the 
vector vacuum susceptibility is zero and the axial- vector vacuum susceptibility equals three fourths 
of the square of the pion decay constant. Besides, our analysis reproduces the Weinberg sum rule. 
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The vacuum susceptibiUties play an important role 
for characterizing the nonperturbative aspects of quan- 
tum chromodynamical (QCD) vacuum and in the deter- 
mination of hadron properties Jj, i2, iS]- For example, 
the strong and parity- violating pion-nucleon coupling de- 
pends crucially upon the tt susceptibility . Tensor sus- 
ceptibility of the vacuum is relevant for the determina- 
tion of the tensor charge of the nucleon |p, [p, 0, d, H, [l3l ■ 
Recently, in a series of articles [ll|, fl^TlSj the authors 
have derived a closed formula for the vacuum suscepti- 
bilities, such as the vector, axial-vector and tensor vac- 
uum susceptibility, using the method of differentiating 
the dressed quark propagator with respect to the exter- 
nal field of interest. It was shown there that the vac- 
uum susceptibility is tightly related to the fully dressed 
quark propagator and the corresponding vertex. In order 
to obtain numerical values of these three kinds of vac- 
uum susceptibility, the authors performed corresponding 
calculations in the framework of the rainbow-ladder ap- 
proximation of the Dyson-Schwinger (DS) approach. It 
is obvious that those calculations depend on models, i.e., 
the rainbow-ladder approximation of the DS approach. 
Clearly, in order to get a reliable theoretical prediction 
of QCD sum rule external field approach, one should de- 
termine the various vacuum susceptibilities as precisely 
as possible. In this letter we revisit the vector and axial- 
vector vacuum susceptibilities and try to obtain a model- 
independent result for them in the chiral limit. 

In order to make this paper self-contained, let us first 
recall the definition of vacuum susceptibilities in the 
QCD sum rule external field approach [l|, l^, |3|. Just 
as was shown in Refs. [ni[ll,[l|, the QCD vacuum sus- 
ceptibility is tightly related to the linear response of the 
dressed quark propagator coupled nonperturbatively to 
an external current j'^ {y)VT{y) = q{y)^q{y)Vr{y) [q{y) 
is the quark field, F stands for the appropriate combi- 
nation of Dirac, flavor, color matrices and Vr(y) is the 



variable external field of interest]. The vacuum suscep- 
tibility Kr in the QCD sum rule external field treatment 
can be defined as 

^ ^^"^^^"'^ '^cc'«ri/(x)(0| :g(0)g(0) : |0) , 

(1) 

where (cc'), {a(3) are color and spinor indices of the 
quark field and the phenomenological function H(x) rep- 
resents the non-locality of the two-quark condensate. 
Note that H{0) = 1. Here we follow the notations in 
Refs. [ill, [13, [13 ■ |0) denotes the exact QCD vac- 
uum, ^^'^'^(a;) and G^'^^{x) is the hnear response of 
the dressed quark propagator coupled perturbatively and 
nonperturbatively to the external current {y)Vr(,y), re- 
spectively. In addition, the bracketting colons are 
only a notation which means that we subtract the con- 
tribution of the pcrturbativc term Q^'^'^{x) from G^{x). 
As can be seen from Eq. ^ , in order to calculate the vac- 
uum susceptibility Kr, one must know how to calculate 
gr,NP in advance. The main task now is to determine 
G^'^^{x) in a consistent way. 

By differentiating the dressed quark propagator with 
respect to a variable external field, the linear response 
of the nonperturbative dressed quark propagator in the 
presence of a variable external field can be obtained. Us- 
ing this general method, the authors in Refs. [HI, [l3| 
gave an expression for the vector vacuum susceptibility 

Kv 

x[nUp)-KnP)] , (2) 
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with the vector current vacuum polarization n^j^(P) 

.A 

Ul,{P) = -Z2 / tr[7^x.(g;P)], 

Jq 



(3) 



and that for the axial-vector one 



KA{qq) = / d'^z 



Vl{z) 



with the axial- vector vacuum polarization I1^^^{P) 



tr h5lp.X5u{q; P)] , 



(4) 



(5) 



where f 



r 



represents mnemonically a we obtain 



translationally-invariant regularisation of the integral, 
with A the regularisation mass-scale and the trace op- 
eration is taken over the Dirac and color indices. Here 
Vfj,{z), V5ij.{z) denote the variable external vector and 
axial-vector fields. Xi^jXbf denote the exact vector and 
axial-vector vertex wave functions which can be defined 
in terms of the exact quark propagator S in the absence of 
the external field and the corresponding vertex function 
r as STS. Z2 is the quark wave function renormaliza- 
tion constant. Owing to the Ward-Takahashi identity, 
the vertex renormalization constant equals to Z2. {qq) 
denotes the chiral quark condensate. 

As is shown in Eqs. (2) and (4), in order to obtain the 
nonperturbative vector (axial-vector) vacuum suscepti- 
bility, one should subtract nJf;/"^(P) (n;^/^(P)), which 
arise due to perturbative effects. In other words, when 
calculating the vacuum susceptibility, the perturbative 
vacuum mean values should be subtracted. This point is 
very important and needs clarification. It is well-known 
that the separation of perturbative and nonperturbative 
contributions to vacuum mean values has some arbitrari- 
ness. Usually, this arbitrariness is avoided by introduc- 
ing some normalization point [T^ . IT5| . In such a for- 
mulation, the condensates depend on the normalization 
point. Other methods are also possible. For example, 
in the study of the mixed quark-gluon condensate, the 
authors in Ref. [T^ identified the perturbative vacuum 
with the Wigner vacuum, both of which are trivial in the 
sense that there are no chiral symmetry breaking and 
confinement, in contrast to Nambu-Goldstone vacuum 
(the non-trivial vacuum) which corresponds to dynami- 
cal chiral symmetry breaking and confineme nt ( more de- 
tail can be found 'in Ref. In Refs. [HI, [H, [11, 
the authors adopt the above viewpoint to calculate the 
vector, axial-vector and tensor vacuum susceptibilities in 
the framework of rainbow-ladder approximation of the 
DS approach. For example, in the calculation of vector 
vacuum susceptibility, nJfj^(P) in Eq. (2) is calculated 
on the Nambu-Goldstone vacuum configuration, while 
nJf^^^(P) in Eq. (2) is calculated on the Wi gner vac- 
uum configuration. It is obvious that this calculation 



depends on the rainbow-ladder approximation of the DS 
approach. In the following, we shall adopt a more elegant 
method to study the vector and axial- vector vacuum sus- 
ceptibility (see below). 

Let us first focus on the vector vacuum susceptibility 
Ky- The conservation of vector current ensures that the 
vector vacuum polarization is purely transverse, i.e.. 



n;:.(P) = (V-%?^)n^(^')- 



Taking the constant external field limit V^(z) 
making use of the integration formula 



(6) 



Vf_i and 



d'lS\l)P^fik,pJ)^l 



dH5\l)p-kf{k,p,l), 
(7) 



Kv{qq) = -^ n^(P' 



0) 



0) 



(8) 



From Eq. ([S]), it can be seen that the vector vacuum 
susceptibility is tightly related to the vector vacuum po- 
larization at zero total momentum. Contracting both 
sides of Eq. ([3]) with (5^,^, one obtains 



n^(p^ = o) = -f 



tr[^^xM^P^m- (9) 



In the following, we shall take advantage of the Ward- 
Takahashi identity to obtain the vector vertex wave func- 
tions and therefore gives a model-independent result 
for the vacuum susceptibility. 

In the chiral limit, the Ward-Takahashi identity for the 
vector vertex wave function is usually expressed as 



iPf^Xf^iq;P) ^ S{q-) - Siq+), 



(10) 



where q± = q ± P/2. Expanding the right-hand side of 
Eq. PH)) in P^ and taking the limit P^ — > leads to the 
Ward identity 



X^(9;P = 0) = z 



.dS{q) 



(11) 



Substituting Eq. (fTTj) into the right-hand side of Eq. ([9|) 
and adopting the following parametrization of the quark 
propagator S{q) 



S{k) 



1 



i-f ■ kA{k^) + B{k^) 
we can obtain 



~Z7 • kav{k'^ 



(12) 



n^(p2 = 0) 

/ tr 

3 Jq 



dSjq) 
dqt. 



2(7v[q ) + q 



dq^ 



(13) 
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Since for large g^, cry((Z^) 



the above integral is as 



quadratically divergent. However, this divergence is not 
genuine. Note that the integrand is a total divergence, so 
the above integral vanishes if a translationally invariant 
regularization is adopted. Then we obtain the final result 
for the vector vacuum polarization at P-^ = 



n^(p2 ^ 0) = 0. 



(14) 



Here we note that in obtaining the above result we have 
taken a translationally invariant regularization. How- 
ever, in actual numerical calculations of vacuum polar- 
ization in the framework of Dyson-Schwinger equations, 
one usually employs a cut-off to regularize the ultravio- 
let divergence in Eq. ([3]). In this case, in order to avoid 
the ultraviolet divergence, one contracts the polarization 
tensor li^^{P) with the projector "P^^, 



p'2 1 



which, in four dimensions, is orthogonal to S^i, |17|. The 
divergent part of the integral on the right-hand-side of 
Eq. ^ is proportional to 5^i, and hence this contraction 
projects out only the finite part of the integral. Following 
this procedure, one has 



n^(p) 

3 



tr 



if^Xf^iq; P) 



47 -p 

~P2~ 



(15) 



Making use of the Ward-Takahashi identity Eq. ([TO]) 
and taking the limit P^ — ^ in Eq. ^T5\i . one finds af- 
ter some calculations that Hj,{P^ = 0) = 0, which is 
just Eq. HH). Here it should be noted that physically 
different projection procedures (for example, projection 
by (5^1/ or by — 4 '^^f " ) should give the same result 
for Hj^(p2 = 0). However, in actual numerical calcula- 
tions of vacuum polarization in the framework of Dyson- 
Schwinger equations, a cut-off regularization is usually 
employed. In this case one prefers to adopt projection 



by Sf, 



(more details can be found in [17[ and 



references therein). 

For the same reason the subtracted term H^'^"^(p2 



0) also vanishes. Thus we have reached the result that the 
vector vacuum susceptibility is zero as long as the Ward 
identity is satisfied. In other words, the vanishing of the 
vector vacuum susceptibility is a direct consequence of 
gauge invariance. This is closely related to the fact that 
photons are massless. The authors of Ref. ll| also made 



use of the vector Ward identity in constructing the vertex 
function. They did not realize that the vector vacuum 
susceptibility can be expressed with this simple formula 
though their numerical results implies such a point (their 
obtained magnitude of vector susceptibility is of the order 
10-^). 

For the case of axial-vector vacuum polarization it is 
a little complicated because of the massless bound state 
pole existing in the axial-vector vertex. However, the 
analysis is also straightforward. The general form of the 
axial-vector current vacuum polarization can be written 



p^p. 

p2 



H^(P2) 



%?^nf(p2) 



(16) 

which contains both a transverse part and a longitudi- 
nal part. Following the same procedure of deducing the 
vector vacuum susceptibility, one obtains 



H^(P2 = 0) - H^'^^(P2 = 0) 
Hf (P2 = 0) - Hf ^^^(P2 = 0) 
From Eq. (fT6|) and Eq. ((5]), one obtains 



(17) 



s,. - ^) n^(P^) - ^^t{P') 



p2 
A 



tr [757^X52.(9; P)] 



(18) 



In the following we shall determine the axial vector vac- 
uum polarization at P^ = by using projection tech- 
niques and taking advantage of the axial-vector Ward- 
Takahashi identity. 

In the chiral limit, the Ward-Takahashi identity for the 
axial- vector vertex can be expressed as 



■ iPf^XSf.iq; P) = <S'(q+)75 + lbS{q-) 



(19) 



where we also express the identity in terms of in- 
stead of the dressed vertex Fs^ . Since the dressed axial- 
vector vertex wave function possesses a longitudinal 
massless bound-state pole, Xbn can then be generally ex- 
pressed [l^ as 

x^M: P) = 75x^(9; P) + X5m('?; p) + ^-^xM\ P) , 

(20) 

where xj}{q;P) = 7^^^ + 7 ' qqtiGp. - o^^q^Hp with 
the functions FpjGp, Hp being regular as P^ 0, 
P/iXs/i 0{P^), is the pion decay constant in the 
chiral limit, and Xir(9;P) is the canonically normalized 
Bethe-Salpeter wave functions of the massless bound 
state which take a general form 

xAq: P) = 275 [iE^{q; P) + 7 • PFAq\ p) 

+j-qq-PG,{q; P) + a^.q^P^q; P)] . (21) 

The pion decay constant /^r in the chiral limit is defined 
as 



f^P^ ^ Z2 I tr [757mX^('?; P)] ■ 



(22) 



It is apparent that, as P ^ 0, we can expand the right- 
hand side of Eq. ([^ to 0{Pf_,) and obtain the pion decay 
constant in the chiral limit 



F^iq;0) + ^q^G^{q;0) 



(23) 
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Contracting both sides of Eq. (fT8|) with the projector 
'PL gives 



= -z. 



p2 



-/5X^{q;P) + X5.iq;P) 



(24) 



Here we focus on the zero momentum Umit — 0. Af- 
ter a direct calculation, one finds that the first term in 
the right-hand side of Eq. ([M)) vanishes. The second 
term also vanishes since P^^Xsm ~ O(P^). The third term 
is found to be -24/,iV,Z2 J^iF^iq^O) + y^G^{q;0)), 
which equals 3/^ after making use of Eq. There- 
fore one obtains 



n^(p2 = o) + nf(p2 = 0)^/2. 

Now contracting both sides of 

.A 

J CI 



(25) 



PuPo 



with -pj^ and applying the axial- vector Ward-Takahashi 
identity Eq. gives 



^nf(p2) 



P 



-*Z2^ / ir[757.(5(g+)75 +755(g-))]. (26) 



Performing the trace operation and then expanding the 
right-hand-side around P = gives 



P P 



P2 

^47V,Z2^ 



and therefore 



^ P.av(g2) 2q,q ■ P^^Xifl + 0(p^ 



The subtraction term Up^'^ {P'^ = 0) and nf'^^(p2 = 
0) can be obtained using similar methods. Note that 
the perturbative axial- vector vertex function has no pion 
pole term. We obtain 



A r 



P.<Jv{q^) 



q 



P, 



d(Tv{q^) 
dq^ 



0{P^ 



n 



A,PT / r,2 



J, (p^ = 0) = 0, nf^-^^(p2 = 0) = 0. 



(30) 



The axial-vector vacuum susceptibility is then found to 
be 



KA{qq) ^ ^fl- 



(31) 



So far, we have derived a model-independent result for 
the vector and axial-vector vacuum susceptibility, which 
will play an important role in the related calculations of 
the QCD sum rule external field method. In addition, 
we want to stress that, as was mentioned in the forth 
paragraph of our paper, the separation of perturbative 
and nonperturbative contributions to vacuum mean val- 
ues has some arbitrariness. In order to eliminate this 
arbitrariness, in this paper we propose a method to un- 
ambiguously separate the vector and axial-vector vac- 
uum polarization into a perturbative and nonperturba- 
tive part. At p2 — 0, the vector vacuum polarization 
tensor vanishes due to gauge invariance; and the axial- 
vector vacuum polarization tensor vanishes at that point 
as well, except in the case of dynamical chiral symmetry 
breaking, in which case it is related to the pion decay con- 
stant. Clearly, this is a nonperturbative effect, so there 
is an obvious and natural separation into a perturbative 
and nonperturbative part at this point. 

From Eq. and Eq. ([29]), we find that in the chiral 
limit 



n^(p2 



0) 



n^(p2 



0) = -ft 



(32) 



nL(P' = 0) = 4iv,Z2 / 

J Q 



(Jv{q^ 



q^ d(Jv{q^) 



dq^ 



= 0. 



(28) 



Here we have made use of the fact that the integral in Eq. 
(I28p vanishes if a translationally invariant regularization 
is adopted. 

Combining Eq. ([25|l with Eq. ([28| . one obtains 



(29) 



H^(p2 = o) = /2, nf(p2 = o) = o. 



This result is just the Weinberg sum rule |T9j . 

To summarize, in this paper, based on the previous 
work on the vacuum susceptibilities in Refs. [ll|, [H, [11] , 
we re- investigate the vector and axial- vector vacuum sus- 
^y^eptibilities. By taking advantage of the vector and axial- 
vector Ward-Takahashi identities, we have proved that in 
the chiral limit the vector vacuum susceptibility is zero 
and the axial-vector vacuum susceptibility equals three 
fourth of the square of the pion decay constant. From 
our analysis we also reproduce the Weinberg sum rule. 
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